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Abstract

Classical electromagnetic laws such as Faraday’s law are commonly interpreted within a continuum framework in which magnetic flux is treated as
a statistically stable observable arising from large ensembles of magnetic dipoles. As magnetic systems approach the isolated nanoparticle limit, this
continuum interpretation becomes progressively less robust because the magnetic response is increasingly governed by discrete localized sources
rather than coarse-grained ensemble averaging. This work examines the implications of this continuum-to-discrete transition for the classical flux-
based formulation of electromagnetic induction. While Maxwell’s equations and the superposition principle remain fully valid at all Iength scales, the
conventional interpretation of magnetic flux as a continuum observable loses operational robustness in the discrete-source regime. We show that
electromagnetic induction is more naturally represented through the time-dependent vector potential generated directly by localized magnetic sources,
providing a source-oriented description that remains fully consistent with classical electrodynamics. The implications for nanoscale magnetometry
and isolated magnetic nanoparticles are discussed, identifying the transition from continuum field descriptions to discrete-source representations

relevant to emerging nanoscale magnetic systems.

Introduction

Magnetic flux density B is a foundational quantity in both
classical and quantum descriptions of magnetism. In classical
electrodynamics, it is defined as the magnetic flux per unit area
perpendicular to the field,

ddp
B=""8 o,= [ B-dA,
dd,’ " /

where B is the magnetic flux density vector (magnetic field),
with units of tesla (T), describing the local magnitude and
direction of the magnetic field. ®p is the magnetic flux through
a surface, with units of weber (WD), defined as the surface
integral of the magnetic flux density over that surface. dA is an
infinitesimal oriented area vector, whose magnitude dA4 equals
the differential surface area and whose direction is given by
the unit normal n to the surface, i.e., dA =ndA. A is the
area perpendicular to the magnetic field, and dA4; denotes the
differential area element normal to B. The subscript L indicates
projection onto the direction perpendicular to the field. The dot
product B - d A therefore selects the component of the magnetic
field normal to the surface element, ensuring that only the per-
pendicular field contributes to the magnetic flux.

The equation is treated as a continuous vector field whose
magnitude represents the local intensity of the magnetic field
and whose direction follows the orientation of magnetic force
lines.'*! This representation, reinforced by the familiar visualiza-
tion of smooth magnetic flux lines tangent to B at every point, has
shaped physical intuition in magnetism for nearly two centuries.

The origin of this picture can be traced to Faraday’s intro-
duction of “lines of force” in the 1830s, in which magnetic

influence was envisioned as propagating along continuous
curvilinear paths through space.!”) Maxwell later formalized
Faraday’s qualitative insights into a self-consistent mathemati-
cal field theory, establishing B as a divergence-free field gov-
erned by
oB
V.:B=0,VXE=——,
ot

where E is the electric field vector (units of Vm ~!), together
with the remaining Maxwell equations.’! The condition
V-B=0, supported by all experiments to date, implies that
magnetic flux lines neither originate nor terminate, reflecting
the absence of magnetic monopoles. In macroscopic materi-
als, where the fields of vast numbers of microscopic dipoles
superpose and are effectively averaged over macroscopic length
scales, this smooth-field description is both experimentally
accurate and conceptually compelling.'~

Magnetic flux density is mathematically well defined
through Maxwell’s equations for any source configuration,
including a single magnetic dipole, and the resulting field is
obtained through the superposition of individual source con-
tributions. The present work does not question this mathemati-
cal definition. Instead, it examines the physical interpretation
of magnetic flux density as a continuum observable. In such
continuum descriptions, experimentally measured magnetic
fields generally represent coarse-grained responses from large
ensembles of magnetic moments and therefore exhibit sta-
tistically stable behavior because microscopic variations are
effectively averaged over the measurement volume. As the
number of contributing dipoles becomes limited, however, the
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measured magnetic response becomes increasingly dependent
on the discrete-source configuration, measurement geometry,
thermal fluctuations, and observation timescale. The continuum
interpretation of magnetic flux density consequently becomes
progressively less robust, even though the underlying magnetic
field remains uniquely defined by classical electrodynamics.
Throughout this work, the magnetic flux quantum @, is intro-
duced only as an order-of-magnitude reference scale for evalu-
ating the experimental observability of flux generated by finite
localized magnetic sources, rather than as a flux-quantization
constraint on ordinary magnetic materials.

Implicit in this historical formulation, however, is the
assumption that the magnetic medium contains an effectively
infinite ensemble of microscopic dipoles. Under such condi-
tions, the highly localized and anisotropic fields generated
by individual electron spins and orbital currents blend into a
smooth vector field that can be meaningfully described by a
continuous B.°~1 This assumption begins to fail in systems
composed of only a few dipoles or in engineered structures
where dipole—dipole interactions are weak or deliberately
suppressed.

Recent advances in nanofabrication and colloidal synthesis
now allow magnetic nanoparticles—such as Fe;O, nanoparti-
cles—to be spatially separated.!'”) In this discrete regime, the
classical notion of a measurable magnetic flux density becomes
ambiguous, because “flux per unit area” presupposes statisti-
cal averaging over many sources. When the number of dipoles
approaches unity (N — 1), this averaging ceases to exist,
and the physical meaning of B as a smooth continuum field
becomes questionable.['!]

Formally, Maxwell’s equations remain valid at all length
scales. A single magnetic dipole produces a field that is diver-
gence-free everywhere except at the source, and V-B =0
is not violated. The difficulty lies instead in interpretation.
Below a critical number of dipoles N;j;, statistical fluctua-
tions dominate, and the experimentally accessible observables
no longer correspond to the continuum quantities invoked in
classical electromagnetism. In this limit, the smooth flux den-
sity required for the conventional application of Faraday’s or
Ampére’s laws no longer exists as a measurable entity.['!]

For an isolated magnetic nanoparticle, the magnetic field
generated by the finite ensemble of atomic magnetic moments
remains well defined through Maxwell’s equations and the prin-
ciple of superposition. The issue considered here is instead the
continuum interpretation of this field. In macroscopic magnetic
materials, magnetic flux lines provide a useful representation of
a smoothly varying, coarse-grained magnetic field. For spatially
isolated nanoparticles containing a limited number of contribut-
ing magnetic moments, however, the local magnetic response
becomes increasingly dependent on the discrete-source con-
figuration, particle geometry, and measurement conditions.
Consequently, the conventional flux-line representation and the
associated continuum interpretation of magnetic flux become
progressively less robust, even though the underlying magnetic
field remains fully defined. Consequently, the conventional
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flux-line representation and the associated continuum interpre-
tation of magnetic flux become progressively less robust, even
though the underlying magnetic field remains fully defined. In
this regime, the classical flux-based formulation of Faraday’s
law becomes operationally inadequate because the magnetic
flux associated with an isolated nanoscale source no longer
represents a statistically stable continuum observable. For
example, a sub-critical, effectively fluxless dipole moving near
a macroscopic conducting loop produces no experimentally
measurable current, not because Maxwell-Faraday’s equation
fails, but because the flux contribution from an isolated discrete
source is insufficient to generate an observable macroscopic
response. Faraday’s law in its integral form,

o 4%
dt

remains a fundamental consequence of Maxwell’s equations.
However, its conventional macroscopic interpretation relies on
the existence of a well-defined magnetic flux linking a con-
ducting circuit. For an isolated nanoscale magnetic source, the
magnetic field remains fully defined, but the associated flux
contribution may become highly localized and dependent on
the surface geometry, source position, and measurement scale.
In this regime, the classical flux-based description of induc-
tion becomes operationally inadequate as a representation of
the measurable response. For example, a sub-critical magnetic
dipole whose flux contribution is below the macroscopic detec-
tion scale and moving near a conducting loop may produce
no experimentally measurable current, not because Faraday’s
law fails, but because the induced response is beyond the
regime where a continuum flux description provides a robust
observable.

At the nanoscale, electromagnetic induction can alterna-
tively be described through the time-dependent vector poten-
tial A(r, ), which remains well defined and contributes to the
electromotive response of atomic-scale or nanoscale loops
according tol’™”!

&= _4 A(r, 1) - dl
dt loop

Here, £ represents the electromotive force (EMF) induced
around the closed loop, defined as the work done per unit charge
in transporting a test charge once around the loop (units: volts).
At nanoscale dimensions, the induction response can therefore be
understood through the local electromagnetic coupling between
the magnetic source and the circuit, rather than solely through
a macroscopic magnetic flux threading the surface. Thus, while
flux-line-based continuum interpretations of induction become
less applicable for isolated discrete magnetic systems, the under-
lying electromagnetic interactions remain fully preserved.

Quantum mechanics introduces an additional layer of dis-
creteness. In superconducting loops, magnetic flux is quantized
in units of &9 = 4/2e, as predicted by the London theory and
confirmed experimentally by Deaver and Fairbank and by Doll
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and Nabauer.’~7! These results underscore a fundamental ten-
sion between classical electromagnetism, which treats flux as
continuous, and quantum systems, where flux appears in indi-
visible quanta. How a continuous flux density emerges statisti-
cally from a large ensemble of discrete dipoles—or conversely,
how it disappears in the single-particle limit—remains insuf-
ficiently explored in both classical and quantum frameworks.

The central premise of this work is that B should be regarded
not as a fundamental physical field, but as an emergent, sta-
tistical quantity. It exists operationally only when a sufficient
number of dipoles produce a smooth, averaged magnetic field.
Below N.it, magnetism becomes intrinsically granular, domi-
nated by localized dipole fields rather than by a coherent flux
density. In this view, the breakdown of continuum magnetism
does not signal a failure of Maxwell’s equations, but rather a
failure of the observables traditionally used to interpret them.

The present work builds upon our previous study of the sta-
tistical emergence of magnetic flux density from finite magnetic
dipolar systems,!'!] but addresses a different scientific ques-
tion. Reference!'!! established that magnetic flux density is an
emergent continuum observable whose physical interpretation
depends on statistical averaging over sufficiently large ensem-
bles of magnetic dipoles and identified the regime in which
this continuum description becomes progressively less robust.
The present manuscript begins from this regime limitation
and examines its direct implication for electromagnetic induc-
tion. Specifically, if magnetic flux is no longer a statistically
stable continuum observable in discrete magnetic systems,
then the conventional flux-based interpretation of Faraday’s
law becomes increasingly dependent on continuum assump-
tions. The analysis presented here shows that, while Maxwell’s
equations remain fully valid, electromagnetic induction in this
regime is more naturally represented through the time-depend-
ent vector potential generated by localized magnetic sources,
providing an operationally robust description of induction with-
out relying on a statistically stable continuum magnetic flux.

This statistical interpretation is consistent with the estab-
lished descriptions of finite dipolar systems, superparamag-
netism, and nanoparticle magnetization, where ensemble size
plays a decisive role in magnetic behavior.” "'l It also provides
a natural framework for understanding modern single-spin and
few-spin measurement techniques—including scanning SQUID
magnetometry, STM-controlled spin systems, and N'V-center-
based magnetometry—which probe magnetic phenomena far
below the classical continuum limit.['>"'#! Together, these
considerations motivate a reexamination of Faraday’s and
Ampere’s laws in isolated and nanoscale systems, where clas-
sical flux-based intuition must be replaced by a discrete, inter-
action-based perspective.

It is important to distinguish between the mathematical defi-
nition of the magnetic field and its continuum interpretation.
Throughout this work, Maxwell’s equations and the superposi-
tion principle are assumed to remain fully valid. The magnetic
field produced by a finite number of magnetic dipoles is there-
fore always well defined as the vector sum of the individual

dipolar contributions. The issue considered here is different:
in continuum electromagnetism, magnetic flux density is com-
monly interpreted as a coarse-grained macroscopic observable
representing the collective response of many magnetic sources.
As the number of contributing dipoles becomes small, this
continuum interpretation becomes progressively less robust
because the measured response depends increasingly on the
discrete spatial distribution, temporal fluctuations, and meas-
urement geometry of individual sources. The present work
therefore examines the limits of the continuum interpretation
of magnetic flux density, rather than the validity of Maxwell’s
equations or the superposition principle.

Magnetic flux density is mathematically well defined
through Maxwell’s equations for any source configuration,
including a single magnetic dipole, and the resulting field is
obtained through the superposition of individual source contri-
butions. The present work does not question this mathematical
definition. Instead, it examines the physical interpretation of
magnetic flux density as a continuum observable. In macro-
scopic magnetic systems, measured magnetic fields naturally
represent coarse-grained averages over enormous ensembles
of magnetic moments and therefore exhibit statistically stable
continuum behavior. As the number of contributing dipoles
becomes limited, however, the measured magnetic response
depends increasingly on the discrete-source configuration,
measurement geometry, and temporal fluctuations. The con-
tinuum interpretation of magnetic flux density consequently
becomes progressively less robust, even though the underlying
magnetic field remains uniquely defined by classical electrody-
namics. Throughout this work, the magnetic flux quantum @,
is introduced only as an order-of-magnitude reference scale for
evaluating the experimental observability of flux generated by
finite localized magnetic sources, rather than as a flux-quanti-
zation constraint on ordinary magnetic materials.

Definition of isolated magnetic
nanoparticles

To formalize the concept of an isolated, or “fluxless,” magnetic
nanoparticle, we introduce two quantitative criteria: (i) a criti-
cal particle size below which a continuous magnetic flux line
cannot be sustained (Fig. 1), and (ii) a minimum interparticle
separation above which dipole—dipole interactions are negligi-
ble (Fig. 2). Together, these criteria define the regime in which
classical flux-based electromagnetic laws, including Faraday’s
law, lose operational applicability at the nanoscale.

Figure 1 illustrates the conceptual transition between
continuum and discrete descriptions of magnetic behavior.
The distinction shown in the figure is not based solely on
the physical size of an individual particle, because even a
nanoscale magnetic particle contains a large number of
atomic magnetic moments and generates a well-defined
magnetic field through the superposition of their contribu-
tions. Rather, the critical distinction is whether the magnetic
response can be interpreted as a statistically stable con-
tinuum quantity. In the continuum regime [Fig. 1(a)], the
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Figure 1. Schematic illustration of the transition from continuum to discrete magnetic-field descriptions. (a) A magnetic particle above the
critical ensemble/continuum scale, where the collective contribution of aligned magnetic moments produces a smoothly varying magnetic
field that can be represented by conventional continuous flux lines. (b) A finite nanoscale magnetic source below the critical scale for
continuum interpretation. Although the particle still generates a well-defined magnetic field through the superposition of individual dipole
contributions, the conventional continuous flux-line representation becomes progressively less robust because the magnetic response is
dominated by discrete-source configuration rather than ensemble-averaged behavior. In both cases, the particle is assumed to be mag-
netically isolated, meaning that interparticle dipole—dipole interactions are negligible compared with thermal fluctuations (Uyy < kgT).
Such isolation can be achieved through sufficient particle separation, surface coatings, dispersion in a non-magnetic matrix, or low
particle concentrations. Magnetic isolation eliminates collective dipolar coupling but does not by itself establish a continuum magnetic
response, which requires a sufficiently large ensemble of magnetic moments for statistical averaging over the measurement volume.

sau| xn|g

@ Fi<15nm, Superparamagnetic ®) "i> 30 nm, Isolated particles

Figure 2. Schematic illustration of interparticle-spacing-dependent magnetic behavior. (a) Dense superparamagnetic assembly with
interparticle spacing rj < 15 nm, where dipole-dipole interactions produce collective magnetic behavior and statistically stable continuum
magnetic flux density. Under these conditions, continuous magnetic flux lines provide an appropriate macroscopic representation, and
conventional flux-based electromagnetic descriptions apply. (b) Magnetically isolated nanoparticles with rj; > 30 nm, where dipole-dipole

interactions are negligible (Udd < kBT). Each nanoparticle behaves as an independent magnetic source, and the continuum interpretation
of magnetic flux density becomes progressively less robust because the ensemble no longer satisfies the statistical conditions required

for coarse-grained averaging.
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collective contribution of a sufficiently large ensemble of
magnetic moments produces a smoothly varying magnetic
field that can be represented by conventional flux lines and
characterized by a well-defined magnetic flux density. In the
discrete-source regime [Fig. 1(b)], a finite isolated magnetic
source still produces a magnetic field, but the absence of
sufficient ensemble averaging causes the measured response
to depend increasingly on the discrete-source configuration,
spatial geometry, and measurement conditions. Consequently,
the conventional continuum interpretation of magnetic flux
density and flux-line visualization becomes progressively
less robust. The schematic therefore represents a transition
in the physical interpretation of magnetic observables rather
than the disappearance of magnetic fields or a limitation of
Maxwell’s equations.

Critical particle size and flux quantization

We model a magnetic nanoparticle as a uniformly magnet-
ized sphere of radius a with saturation magnetization M;.
For a representative Fe;O, nanoparticle of diameter D = 10
nm (a =5 nm) and M; ~ 4.8 x 10° A/m,['!! the magnetic
moment is

4 3 —-19
m=MSV=MS§7m ~25%x 1077 Am2

At this scale, the classical notion of magnetic flux as a
smooth, divergence-free field becomes ill-defined. In bulk
systems, continuous flux lines emerge from the collec-
tive averaging of many dipoles. For isolated or few-dipole
systems, this averaging collapses, and the magnetic field
becomes intrinsically discrete and fluctuating.

A physically meaningful size criterion can be obtained by
considering magnetic flux quantization. The minimum flux
that can be sustained as a closed loop is one flux quantum,

h
@y = — ~2.07 x 107> Wb.
2e

Assuming the particle supports an approximately uniform
internal magnetic flux density B, the minimum cross-sec-
tional area required to sustain a single flux quantum is

Dy
7

Amin =

Treating this area as circular yields a critical radius

| ®o
Te =1/ —.
¢ nB

This expression highlights the intrinsic field dependence
of the critical size. For representative values of B:

o B=1T:r.~257nm
o B=0.1T:r.~81.2nm
B =0.01T:r. ~256.7 nm

These values indicate that as the internal magnetic field
decreases, the minimum particle size required to sustain even
a single quantum of magnetic flux increases rapidly, following

1
75

Particles with dimensions below this critical radius cannot
sustain closed magnetic flux loops in a physically meaningful
sense (Fig. 1). In this regime, the magnetic response is domi-
nated by discrete dipole behavior rather than continuous field
distributions, rendering classical flux-based descriptions—
including Faraday induction—operationally invalid for iso-
lated particles. Importantly, this breakdown does not imply a
violation of Maxwell’s equations, such as V - B = 0. Rather,
it reflects the collapse of the continuum approximation itself,
which is statistical in origin and requires sufficiently large
dipole ensembles to be meaningful.

The classical notion of magnetic flux requires averaging
over many dipoles to produce a smooth, divergence-free fieldB
121 Fluctuations in the magnetic field of N independent dipoles
scale as

Fe X

6B 1
— ~ —— = Ngit ~ 1,

(B) VN

with practical tolerances requiring!''

N Z 100for 10% relative stability, orN 2, 10*for 1% stability.

For a single nanoparticle, N < N, and no smooth flux
line exists, rendering conventional Faraday induction inappli-
cable. Table I summarizes the material parameters, magnetic
energy scales, and numerical criteria introduced in this section
that define the isolated (fluxless) nanoparticle regime at room
temperature.

Critical interparticle spacing

Dipole—dipole interactions can reintroduce collective behav-
ior if particles are sufficiently close. The maximum interaction
energy for two aligned dipoles is

wo 2m?
Uaa(r) = ar 3

Comparing this interaction energy with the thermal energy

at 300 K,
kpT ~ 4.14 x 10721,
the condition for negligible magnetic coupling is
Uda < kpT.

Solving Uy (r) = 0.1kgT yields the minimum center-to-

center separation required for magnetic isolation,
Fiso ~ 31.2nm,

corresponding to a surface-to-surface separation of approxi-
mately 21.2 nm for 10 nm FesOa4 nanoparticles.
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Table . Numerical criteria for isolated (fluxless) 10 nm Fe304 nanoparticles at 300 K.['!]

Parameter Symbol Value Unit
Particle radius a 5 nm
Particle diameter 10 nm
Particle volume Vv 5.24 x 10~25 m’
Saturation magnetization Ms 4.8 % 10° A/m
Magnetic moment m 251 x 10~ 19 A-m?
Thermal energy kgT 414 x 10-21 ]
Dipole—dipole distance:Uyy = kg T r 14.5 nm
Dipole—dipole distance:Ugy = 0.1kgT r 31.2 nm
Dipole—dipole distance:Ugy = 0.01kg T r 67.3 nm
Critical number of dipoles for flux definition Nerit 1 -
Practical number of dipoles for 10% stability N 100 -
Practical number of dipoles for 1% stability N 10* -

For comparison,
Ugqa = kpT = r =~ 14.5nm,

Uga = 0.01kpT = r ~ 67.3nm.

Particles separated by » 2 30 nm can therefore be regarded
as effectively magnetically isolated under ambient conditions.

Definition of isolated nanoparticles
We define the discrete-source regime by two independent
conditions:

1. Finite-source condition: the number of contributing mag-
netic particles satisfies

N < Neit,

such that a statistically stable continuum magnetic flux density
no longer emerges.[''! The limiting case corresponds to a sin-
gle magnetic nanoparticle (N = 1), representing the ultimate
discrete magnetic source.

2. Magnetic-isolation condition: neighboring particles satisfy

r 2 Fiso ~ 30nm,

so that

Uga < kpT,
and dipole—dipole interactions are negligible.

Under these conditions, each nanoparticle behaves as an
independent magnetic source. Its magnetic field remains
uniquely determined by Maxwell’s equations and the super-
position principle.”™ The present work does not question
the existence of this field. Rather, it examines the continuum
interpretation of magnetic flux density as an operational
observable. When the number of statistically independ-
ent magnetic sources falls below N, the coarse-grained
averaging that underlies continuum magnetic flux density is
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progressively lost.[''! Consequently, the conventional mac-
roscopic flux formulation of Faraday’s law,

ddg

dt’

becomes operationally non-robust in the discrete-source
regime, whereas the vector potential remains well defined,
&= _a A(r,¢) - dlL
dt loop

providing a natural description of electromagnetic induction
in nanoscale systems containing finite localized magnetic
sources.[> The discrete-source regime therefore forms a
conceptual bridge between continuum electrodynamics and
single-particle magnetism, while remaining fully consistent
with Maxwell’s equations. Modern single-spin and nanoscale
magnetic measurement techniques are capable of probing this
regime directly.!> 7%

It is important to distinguish between a magnetically isolated
nanoparticle ensemble and a truly isolated magnetic particle. In
conventional nanoparticle magnetometry, “isolated” or “non-
interacting” particles generally refer to ensembles in which
interparticle dipolar interactions are sufficiently weak that indi-
vidual particle moments fluctuate independently. Nevertheless,
the measured response remains an ensemble average over a
large number of magnetic particles. The isolated-particle limit
considered here instead corresponds to a single magnetic nano-
particle acting as an individual magnetic source. For a 10 nm
Fe;04 nanoparticle, the calculated critical separation required
to suppress dipole—dipole interactions is approximately 30 nm.
A single nanoparticle measured in an idealized ultra-sensitive
SQUID magnetometer provides a conceptual realization of
this limiting case because no neighboring magnetic particles
exist within the interaction range. This distinction is essential
because eliminating interparticle coupling does not eliminate
the statistical ensemble averaging that characterizes conven-
tional nanoparticle measurements.
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The statistical framework developed here should be dis-
tinguished from the classical Stoner—Wohlfarth description
of single-domain particles and its thermally activated exten-
sions.!'>16] The Stoner—Wohlfarth model describes coherent
magnetization reversal of individual single-domain particles
under an applied magnetic field, while thermally activated
models describe fluctuations of individual particle moments. In
contrast, the present work addresses the statistical emergence of
magnetic flux density as a continuum observable arising from
an ensemble of localized magnetic sources.!''! For the 10 nm
Fe;0, nanoparticles considered here, the particles are treated
as magnetically isolated superparamagnetic particles under
the specified experimental conditions, such that interparticle
dipole—dipole interactions are negligible. Thermal fluctuations
therefore influence the orientation and ensemble-averaged mag-
netization of individual particles but are not the mechanism
responsible for the continuum-to-discrete transition discussed
in this work. Instead, that transition arises from the finite num-
ber of statistically independent magnetic sources contributing
to the measured magnetic response.!'!]

Experimental implications

The distinction between dense and isolated magnetic nanopar-
ticles leads to clear and experimentally testable consequences
for electromagnetic induction at the nanoscale. In dense assem-
blies of superparamagnetic nanoparticles, where the interpar-
ticle spacing is well below the magnetic isolation threshold
and the effective number of contributing dipoles satisfies
N> >N, classical continuum assumptions are restored./’~'%!
Collective averaging suppresses field fluctuations, yielding a
smooth magnetic flux density B and a well-defined magnetic
flux @ through macroscopic pickup loops.['> 14 In this regime,
Faraday’s law applies in its conventional form, and the induced
electromotive force scales with the time derivative of the total
magnetic moment of the ensemble. Such behavior is routinely
observed in magnetic particle imaging, inductive biosens-
ing, and bulk magnetometry, where dense superparamagnetic
nanoparticle suspensions generate readily measurable EMF
signals.[10-14]

In contrast, for isolated nanoparticles satisfying the crite-
ria defined above—namely, single-particle discreteness and
negligible dipole—dipole coupling—the effective ensemble
size remains below the critical threshold required for a smooth
flux description.['!! The magnetic flux through any macro-
scopic loop fluctuates strongly in time and averages to nearly
zero. As a result, the classical EMF predicted by E= —d®g/dt
becomes vanishingly small and experimentally undetectable
in conventional induction coils. Any residual signal arises not
from flux threading in the classical sense, but from local, time-
dependent variations of the vector potential, which are only
appreciable over nanoscale loops or in ultra-sensitive detection
architectures.

This dichotomy suggests a direct experimental test. A
controlled comparison can be performed by transporting
dense and isolated Fe;O, nanoparticles through the same

superconducting quantum interference device (SQUID)
pickup coil under identical conditions.!'>"'* For dense nano-
particle clusters or agglomerates, a clear and reproducible
SQUID signal is expected, consistent with classical flux
induction.’~®) For isolated nanoparticles dispersed well
beyond the magnetic isolation distance, the induced signal
should be strongly suppressed or absent, despite identical
particle composition and magnetic moment.!''! The contrast
between these two cases would directly demonstrate the
breakdown of flux-based induction at the single-particle level.

Further refinement of the experiment may be achieved by
systematically tuning the interparticle spacing—for exam-
ple, by diluting the nanoparticle concentration or embedding
particles in a non-magnetic matrix with controlled separa-
tion. The resulting crossover from detectable classical EMF
to a fluxless regime would provide quantitative validation of
the proposed critical thresholds. Such experiments are well
within the reach of existing SQUID magnetometry, nano-fab-
ricated pickup loop technologies, and single-spin detection
platforms, and would offer direct evidence that electromag-
netic induction at the nanoscale is governed by discreteness
and vector-potential dynamics rather than by classical mag-
netic flux alone.!!'14

Faraday’s law for an isolated
nanoparticle
Faraday’s law,

dop
LI PN

expresses electromagnetic induction in terms of the temporal
variation of magnetic flux threading a surface.”?! Within clas-
sical electrodynamics, the magnetic flux is always mathemati-
cally defined through the surface integral of the magnetic field,
regardless of the source configuration. The present work does
not question this definition. Instead, it examines the physical
interpretation of the magnetic flux appearing in Faraday’s law.
In macroscopic magnetic systems, the measured magnetic flux
represents a statistically stable continuum observable arising
from the collective response of an enormous number of mag-
netic dipoles. Below the critical ensemble size Ni;, however,
this continuum interpretation progressively loses its statisti-
cal robustness. The magnetic flux calculated from an isolated
dipole remains formally well defined, but it becomes highly
dependent on the instantaneous source position, dipole orien-
tation, integration surface, and measurement geometry, rather
than representing a reproducible coarse-grained quantity. Con-
sequently, the limitation identified here does not arise because
®p or ddg/dt vanish mathematically, but because the contin-
uum magnetic flux appearing in the conventional macroscopic
interpretation of Faraday’s law no longer constitutes a statisti-
cally stable observable (Fig. 3). In this discrete-source regime,
electromagnetic induction is therefore more naturally repre-
sented through the time-dependent vector potential generated
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E=— &= [B-dA

(a)Continuum (flux-sustaining) magnetic particle

d
€= ——f A(r, t) - dl.
dt loop

(b) Isolated 10 nm Fe;O4 nanoparticle

Figure 3. Schematic comparison of electromagnetic induction in the continuum and discrete-source regimes. (a) A macroscopic magnetic
body containing a statistically large ensemble of magnetic dipoles generates a smooth, continuum magnetic field that produces a
statistically stable magnetic flux threading the conducting loop. The induced electromotive force is naturally described by the classical

flux formulation of Faraday’s law, £ = —==E.. (b) An isolated 10 nm Fe;O, nanoparticle generates a well-defined localized dipole field
through Maxwell’s equations and the superposition principle, but the magnetic flux threading the macroscopic loop no longer constitutes
a statistically stable continuum observable because it depends sensitively on the instantaneous particle position, dipole orientation, loop
geometry, and thermal fluctuations. In this discrete-source regime, electromagnetic induction is more naturally represented by the

source-oriented vector-potential formulation E = —%

loop
avoiding reliance on a continuum magnetic flux description.

directly by the localized magnetic source, while remaining fully
consistent with Maxwell’s equations.

This conclusion holds irrespective of detector sensitivity: no
current is induced in a conventional macroscopic loop because
the smooth, ensemble-averaged flux assumed in classical Fara-
day’s law does not exist for a single, isolated dipole. The sto-
chastic fluctuations of the nanoparticle’s magnetic field cannot
produce a reproducible EMF through surface-integrated flux,
and thus have no operational consequence for classical induc-
tion experiments.['!]

Magnetic detection techniques capable of probing isolated
nanoparticles, such as nano-SQUIDs and N'V-center magnetom-
etry, operate in a fundamentally different regime.l'>'* These
methods sense the local magnetic field or the time-dependent
vector potential in the near field of the particle, rather than
a macroscopic magnetic flux threading a surface. While such
measurements can register the presence and dynamics of a
single nanoparticle, they do not constitute classical Faraday
induction and cannot be described by the flux-based formula-
tion of the law.['™!

Thus, the statement “no current is induced” is physically
meaningful and correct for isolated nanoparticles interacting
with conventional conducting loops. Faraday’s law is not
violated—Maxwell’s equations remain formally valid—but
its operational applicability fails in the single-particle limit.
Only when a sufficiently large ensemble of dipoles contrib-
utes to a smooth, statistically stable magnetic flux does the
classical form of Faraday’s law regain physical meaning.
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Discussion

Classical electromagnetic laws

versus discrete nanoscale systems

Classical electromagnetism is formulated as a continuum theory,
in which its central quantities—magnetic flux density B, electric
current density J, and magnetic flux ®p—are implicitly defined
through spatial and temporal averaging over a large number
of microscopic sources.!'*! Although this assumption is rarely
stated explicitly, it becomes critical when electromagnetic laws
are applied at the nanoscale.

The magnetic flux density B is only operationally meaningful
when it emerges from an ensemble of dipoles large enough to
suppress statistical fluctuations. As shown above, relative field
fluctuations scale as

8B N2
(B) ’

implying a critical ensemble size Nt >> 1 for a smooth, meas-
urable field.!''! Below this threshold—in the extreme limit of
a single magnetic nanoparticle or spin—B is no longer a well-
defined continuum quantity, but a strongly fluctuating field
whose instantaneous value depends on the stochastic orienta-
tion of the dipole moment.!'"]

Faraday’s law in its conventional form,

ddp
e=-2"8 op— [ B.dA,
> 2T /

therefore, presupposes the existence of a smooth and reproduc-
ible magnetic flux threading a surface.!'**! For isolated dipoles,
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this requirement is not met. The magnetic flux through any
finite surface either averages to nearly zero or exhibits fluc-
tuations comparable to its mean value, rendering the classical
electromotive force non-operational as a measurable quantity.
In this sense, the apparent breakdown of Faraday’s law at the
nanoscale reflects not a failure of the underlying field equa-
tions, but a failure of the continuum interpretation imposed on
intrinsically discrete systems.!!!]

A similar limitation applies to Ampére-type formulations,
which assume the existence of a continuous current density
J(r).["* At the level of a single magnetic dipole or a few
localized spins, there is no continuous current distribution—
only discrete microscopic currents or magnetic moments.>~!
While the formal field solution for a point dipole exists, its
interpretation in terms of macroscopic circulating currents
and smoothly varying fields becomes physically ambigu-
ous. Together, these considerations expose a conceptual gap
between classical electromagnetic laws and nanoscale mag-
netic systems composed of only a few degrees of freedom.

Vector potential as the fundamental field
in discrete regimes

In contrast to flux density and current density, the vector
potential A(r, ¢) remains well defined at all length scales. By
definition,

d
B:VxA,S:——fA-dl,
dt

independent of whether the underlying sources form a contin-
uum or a discrete set.."*] For time-dependent magnetic dipoles,
the vector potential varies locally in space and time even when
the notion of a global magnetic flux becomes ill posed.

This observation provides a natural generalization of
Faraday’s law for nanoscale systems. In the discrete regime,
electromotive forces arise not from the time derivative of a
smooth magnetic flux threading a surface, but from the tem-
poral variation of the vector potential along a closed conduct-
ing path. The induced EMF is therefore governed by local
field dynamics rather than by flux conservation arguments
that rely on coarse-grained averaging.['!]

Importantly, this formulation permits the theoretical exist-
ence of extremely small but finite induced currents generated
by single magnetic dipoles or isolated nanoparticles in nearby
nanoscale loops. Such effects lie outside the scope of the
classical flux-based picture, yet they are fully consistent with
electromagnetic theory when expressed in terms of potentials.
This perspective aligns naturally with modern experimental
capabilities, including nano-SQUID magnetometry, single-
spin detection, and NV-center-based sensing, which operate
precisely in regimes where classical continuum assumptions
no longer hold.['>714]

Taken together, these results indicate that the vector
potential, rather than the magnetic flux density, consti-
tutes the more fundamental electromagnetic quantity in

discrete nanoscale systems. The concept of isolated or
fluxless magnetic nanoparticles thus serves not only as
a physical classification, but also as a conceptual bridge
between classical electromagnetism and the emerging
physics of single-particle and single-spin phenomena at
the nanoscale.!'!!

Conclusion

In conclusion, this work demonstrates that the conventional
continuum formulations of Faraday’s and Ampére’s laws are
emergent macroscopic descriptions rather than universally
applicable microscopic descriptions. Their physical validity
relies on statistical averaging over large ensembles of mag-
netic dipoles. In isolated nanoscale magnetic systems, where
this averaging no longer exists, the continuum concepts of
magnetic flux and enclosed current cease to provide a physi-
cally meaningful description of electromagnetic induction.
At the nanoscale, where magnetic systems may consist of
a single particle or only a few sparsely distributed nanopar-
ticles, the statistical averaging required for a smooth con-
tinuum magnetic flux density B and a reproducible magnetic
flux @y no longer exists. Consequently, the conventional
flux-based description of electromagnetic induction ceases
to be physically meaningful, although the underlying elec-
tromagnetic interactions governed by Maxwell’s equations
remain fully valid. We show that electromagnetic induction
in this discrete regime is more naturally described in terms
of the time-dependent vector potential, which remains well
defined irrespective of ensemble size and provides a con-
sistent framework for understanding nanoscale electromo-
tive forces. The concept of isolated, or “fluxless,” magnetic
nanoparticles introduced here establishes a clear conceptual
boundary between continuum and discrete electromagnetic
behavior. By identifying the conditions under which clas-
sical electromagnetic observables emerge through statisti-
cal averaging—and conversely, when continuum concepts
such as magnetic flux lose their physical meaning—this work
bridges classical electromagnetism with the physics of iso-
lated nanoscale magnetic systems. These findings provide
a new perspective on the applicability of Faraday’s law at
the nanoscale and motivate the development of generalized
electromagnetic descriptions tailored to discrete-source and
quantum-limited systems.
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