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ABSTRACT

Deger, Mustafa Ersin Ph.D., Purdue University, August, 2007. A biholomorphism
from the Bell representative domain onto an annulus and Kernel functions . Major
Professor: Steven R. Bell.

Let Ap1={2€C:p*<|z] <1} andlet Q. ={z € C:|z+ 1| <r}. Itis known
that for r > 2, €, is a doubly-connected domain with an algebraic Bergman kernel and
satisfies a certain quadrature identity. We find an explicit biholomorphism between
these two domains, and get the value of p as a function of r, which follows from
the computation of the biholomorphism. Using the transformation formula for the
Bergman kernel, we write out the Bergman kernel of the Bell representative domain
Q,., which was earlier known to be algebraic. We also determine the Ahlfors maps of

this generalized quadrature domain using the Ahlfors map of the annulus.



1. Introduction
1.1 Kernel functions

The Bergman and Szego kernels are important objects of geometric function theory
and complex analysis. The Bergman kernel K(z,w) of a domain 2 has the property
Jo f(w)K (z,w)dV,, = f(z) when f is a square-integrable holomorphic function in €.
Thus, the Bergman kernel is sometimes called the reproducing kernel for the set of
square-integrable holomorphic functions on Q. The Szegd kernel S(z,w) of {2 has a
similar reproducing property [, f(w)S(z,w)ds, = f(z), where f is any holomorphic
function on €2 that is square-integrable on 0f2, the boundary of {2. The Bergman and
Szegd kernels are holomorphic in the first variable and antiholomorphic in the second
on Q x Q, and they are hermitian, e.g. K(w,z) = K(z,w). Here, dV and ds denote
the volume element and the arc-length measure, respectively.

A quantity of remarkable results were achieved by the use of these kernels in the
theory of functions of one and several complex variables, in conformal mappings,
in invariant Riemannian metrics and in other subjects [1]. The applications of the
kernels for solving boundary value problems of PDEs of elliptic type have been quite
fruitful as well; and there is a number of recent discoveries obtained using the kernel
functions in the field of Fluid Dynamics [7].

Another advantage of working with the Bergman kernel functions is the possibility
of generalizing some strong and important results on holomorphic functions of one
variable to those of several variables (such as the Schwarz’s lemma). In one complex
variable, we have the option of representing a number of important conformal map-

pings in terms of the kernel functions. For instance, for a simply connected domain €2



and zp in Q, the function £ = f(z) which maps €2 onto a disk |{] < R with f(z) =0
and f’(z9) =1 is given by [1]

f(z) :m/zl{(s,zo)d&

1.2 The Ahlfors map

This brings us to the concept of the Riemann mapping function and the Ahlfors
map. Let us denote the unit disk by ). We all know that the Riemann mapping
function can be regarded as the solution to the following extremal problem: For a
simply connected domain 2 # C and fixed b € 2, construct a holomorphic map
fo: @ — D with f{(b) > 0 and as large as possible. The Riemann map is the solution
to this problem. It is the unique conformal, 1-1 and onto map f, : 2 — D with
f1(b) > 0 and f,(b) = 0.

For multiply connected domains €2 of connectivity n > 1, the answer to the same
extremal problem above becomes the Ahlfors map. It is the unique holomorphic map
fo : 2 — D that is onto, f/(b) > 0 and f,(b) = 0 (see [2], pp 48-49). However, it has
2n — 2 branch points in the interior and is no longer 1-1 there. In fact, it maps €2
onto D in an n : 1 fashion, and maps each boundary curve 1-1 onto the unit circle T.
Therefore, the Ahlfors map can be regarded as the ”Riemann mapping function for
multiply connected domains”. It also takes on this same role from the viewpoint of

the kernel functions.

1.3 Bell representative domains

Let Q, ={z€C: |Z—|—%| < r}, and consider this domain only for r > 2. Jeong and
Taniguchi (see [9]) called this domain to be a Bell representation in the plane and that
is where we get our motivation for referring to it as the Bell representative domain
from now on. It is a classical fact that any doubly connected domain, none of whose

boundary components reduces to a point, is biholomorphic to an annulus. Therefore,



we know a priori that the 2-connected Bell representative domain is biholomorphic to
an annulus. However, finding the explicit formula for the biholomorphism is a major

task.

Of much interest here, the Bell representative domain has the virtue that all the
classical domain functions associated to it are algebraic: these are the Bergman kernel,
Szego kernel, the Ahlfors map, and the Poisson kernel, among others [4]. Furthermore,
every doubly connected domain in the plane is biholomorphic to precisely one Bell
representative domain [4]. So, this domain may serve as a representative domain for
doubly connected planar domains, since its kernel functions are much easier to work

with than other two-connected domains.

In regards to its shape, the Bell representative domain looks like a distorted annu-
lus, symmetrical with respect to the real and imaginary axes as well as with respect
to the origin (see Fig 2.1). The unit circle T always lies inside the Bell representative
i

domain, since e + e = 2cosf < 2 < r for any real 6.

Here is an outline of our results and the way this thesis is organized:

In Chapter Two, we compute an explicit biholomorphic map from the Bell rep-
resentative domain onto an annulus. We investigate some of the properties of this
map which are of crucial importance for the next chapters. Our way of finding the
biholomorphic equivalence between the annulus and the Bell representative domain
differs from that of [9] in which we write down the biholomorphism ezplicitly, use
elementary arguments and well-known conformal mappings and we find the modulus
of the annulus in terms of the parameter of the Bell representative domain. (Compare
also with [9].)

In Chapter Three, we determine the Ahlfors maps of the Bell representative do-
main. We locate its zeroes (and, hence locate that of Sg,) as well as notice that the
branch points lie on the unit circle for any given Ahlfors map. We are also able to

find explicit formulas for it based at any point 2z, € 2,.



In Chapter Four, we reach the most important result of this thesis where we find
the Bergman kernel of the Bell representative domain. We compute it in explicit
form and show that it is algebraic. (It was shown in [4] that it has an algebraic
Bergman kernel function, but no closed formula was given there.) Our discovery has
a wider significance and general implications than the sheer computation of the kernel

function, which itself is remarkable.

In Chapter Five, we point out some questions and mention some areas for future

exploration.



2. Biholomorphism from (), onto an annulus
2.1 Dividing (), into pieces
Let us denote the unit disc by . Define:

Q' = Q.NLHPND
0 = Q.NUHPND
Q* = (Q,NLHP)-D
Q' = (Q,NUHP)-D

where UHP and LHP denote the upper-half plane {z : Im(z) > 0} and the lower

half-plane {z : Im(z) < 0}, respectively. Introduce a new parameter 0 < k < 1 by

=

Figure 2.1. The Bell representative domain (2,..



r = \% We will first find a biholomorphic map from Q' above onto a part of the

annulus, and then extend it analytically throughout €2, by reflection.

Let us consider the conformal map of the upper half plane {z : Im(z) > 0} onto a
rectangle in the w-plane, asserting that the points z = +1 and z = j:% are mapped
to the corners of the rectangle in the w-plane.

In view of the Schwarz-Christoffel formula, this mapping [13] is given by the

function

e [ &
v = [ Ji-oa-_ro)

We take the branch of the square root function above so that v/1 = 1. We can
find out the location of the rectangle: If you stay on the real axis around the origin,
notice that F(—z) = —F(z) as well as F(z) is real. Consequently, we deduce that
the rectangle is situated symmetrically with respect to the imaginary axis and that
one of its sides lies on the real axis. It is customary to denote the height by K’ and

the width by 2K of this rectangle. In summary,

F(—%) = K +iK', F(-1)=-K, FQ1)=K, F(%) — K +iK'
Imz>0 w
% w = F(2)
Lk -1 | L1 1k K

Figure 2.2. F(z) maps the upper half-plane onto a rectangle as shown.

Using the definition for K and after some manipulation and a change of variable

for K’, we obtain



1 de
K =

/o V(1 =&H)(1 - k%)
=
o /(1 —8)(1— k22

where k' = V1 — k2.

Many books when introducing the theory of elliptic functions adopt a similar
approach [13] such as the following to define the Jacobi elliptic functions: Define
z = snw as the holomorphic function that is inverse to the function F' defined above.
Clearly, sn depends also on the parameter k. We may write sn(w, k) to indicate this
relationship. One can extend sn(w, k) beyond the rectangle described above to the
whole complex plane to obtain a doubly periodic function also known as the Jacobi
sn-function. We will use the terms ”Jacobi sn-function” and ”elliptic sine function”
interchangeably. In literature, F' is also called an ”elliptic integral”. Due to the fact
that F' could be regarded as the inverse to the Jacobi sn-function, we will from now

on use the notation F(z) =sn~1(z, k).

2.2 Building the biholomorphism

»1, Where

Now we build a conformal map from Q! onto the lower half annulus A
A 1 = A,1 N LHP, where we make sure the part of the unit circle on the boundary
of Q! is fixed, since this will be very important for the rest of the mapping process.

First, consider J : Q! — DIL/\/E‘ Here J(z) = (2 + 1) is the Joukowski map and
DI“/ JE is part of the disk of radius \/LE centered at the origin which lies on the upper
half plane (see Fig 2.3). Clearly, J is conformal, 1-1 and onto.

Second, consider F' : D1+/ B R where R is the rectangle with corners at the
points — K, K, K + z'K?/, -K+ ZK?/ We prove that F is a conformal and onto map.

+

VE onto

Proposition 2.2.1 z +— F(z) is a conformal mapping from the half-disk D
R, a rectangle with corners at the points — K, K, K + ZK?/ and —K + ZKTI



_ k-1/2 k-1/2' K

Half disk Rectangle R

Figure 2.3. The elliptic integral sn~1(.) maps DIF/\/E onto a rectangle R.

Proof It suffices to prove that the elliptic sine function sn maps this rectangle onto

D1+/ v& Introduce the elliptic functions

cnz=+V1—sn?z, cn0=1
as well as
dnz = V1 — k?sn?z, dn0=1.
We have the following addition formula for the sn-function:

snucnvdnv + snvcnu dnu

sn(u +v) = 1 — k2sn?u sn?v

Considering the mapping properties of sn, we already know that the segment
[~ K, K] is mapped to [~1,1]. Using sn(5°) = \/LE’ en(E) = —le/%k and dn(£) =

V14 k as well as the sum formula above for u = =K and v = %, we conclude

that sn(—K + &) = _\/LE and sn(K + %) = \/LE (see [8,12]). By continuity, this

means the vertical line segment from —K to —K + % is mapped onto the real line

[—\/LE, —1]. Similarly, the vertical line segment from K to K + % is mapped onto the

: 1
real line [1, TE]



Now consider the line segment a/X + % where —1 < a < 1. It suffices to prove
lsn(aK + %)| = \/LE’ since that will mean that sn(aK + %) lies on {z : |z] =
\/LE and Imz > 0}. (Also see [10,17]). Consequently, sn will be a conformal map
from R onto DY . and F will be its inverse.

1/Vk
We have:
iK' sn(aK)en(55) dn(*57) + sn(57) en(aK) dn(okK)
sn(aK -+ 2) B 1 — k?sn?(aK) sn?(H4-)
_ PR GVIRVERE
1 — k232 (=)
B i{ﬂ(Hk‘)H\/(l—ﬁ?)(l—k‘zﬂz)}
- VE 1+ kB2

It is easy now to check that

|ﬁ(1+k)+i\/(1—52)(1—k252)|2 B+ 2k + k) + (1 5%)(1 - k°37)
1+ kB2 1+ 2k32 + k234
ﬁ2+2]€52+k‘252+1—ﬁ2—k‘252+k}254
1+ 2k3% + k234

iy}

Next, we consider the action of the map w : z + g3zz on the rectangle R above,
and then the map g : z — —ie* from the rotated rectangle. Now, choose p such that
logp = —Z—If{l. This choice of p constitutes the relationship between k and p, and
therefore gives p as a function of r.

The sequence of the maps above helps us reach A ; = A,; N LHP. It is straight-

forward to check that the composition of the maps is given by
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A
0 p. 1p
r

Figure 2.4. ® maps the Bell representative domain (2, onto the annulus A, /,.

(gowo FolJ)(z)=—iexx™ (@(+1/2),
Let us restate this result:

Proposition 2.2.2 The composition map ® : Q! — A,y 1s conformal, 1-1 and onto.

This mapping is explicitly given by ®(z) = —i ezicsn (3(=+1/2))

This map ® has a number of important properties, most of which will be central
in our future computations:

1. Since ® : Q! — A, sends the real axis to the real axis, it extends analytically
to Q% = Q, NUHP ND by Schwarz reflection principle via the rule ®(z) = ®(z).

2. The mapping ® : Q' — A, also satisfies that —®(z) = ®(—2) if 2 lies on the
real axis. Consequently, this gives us yet another extension onto Q2.

3. The extended mapping ® on Q' U Q2 fixes the unit circle.

Let us prove the second assertion, since the first and the third are trivial from the

construction of ®.

Proposition 2.2.3 The conformal map ® : Q' — A7, defined as ®(z) = —iesn (3

is an odd function on the real line segment of the boundary of Q': ®(z) = —P(—=2).

(241/2))
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Proof Pick a point z on the real line and on the boundary of Q!. Without loss of
generality, suppose x > 0. Clearly, sn™'(J(z)) = K + iaK' for some a = a(z) with
0<a< %

We claim that sn™(J(—z)) = —K + iaK'.

Proof of claim. Let u = sn™'(J(—z)) = sn~'(—=J(x)) and v = sn~!(J(x)). Then
snu = —J(z) and snv = J(x), so that snu +snv = 0. We have v = K 4+ iaK’ and

u=—K +iyK' and we will show v = a.
By [12] on page 28 and page 34, we have the following:
snU = 0, where U =2mK + 2inK’
enU = 0, where U= 2m+ 1)K + 2inK’

dnU = 0, where U=2m+1)K+i2n+ 1)K’

as well as

sna+snb= 2
1 — k2sn2(%b)sn2(42)

So, sn((v + u)/2) = 0 or en((v — u)/2) = 0 or dn((v — u)/2) = 0. Writing back
v =K +iaK and u = —K + iyK’, we see that “1* = ;%2 and 5% = K + %72,
Since we get no solution from either one of sn((v + u)/2) = 0 or dn((v — u)/2) = 0,
we must have (v—wu)/2 = (2m+ 1)K + 2inK’ , which forces us to choose m =n =0

and v = a. This completes the proof of the claim.

Now we compare ®(x) and &(—x):

. i oy—1(1 . i . . iK' K’
P(z) = —1i earcst (3(@H1/2)) — _j oo (Ktiak!) — _; (1) e~ 2R — e 3K
whereas
. i ; . . K’ K’
O(—x) = —jex CEHAK) — _j(_j)e Tk = —e 2k

proving that ®(—z) = —®(z) on the real line.
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With J(z) = 3(z + 1), let us restate the definition of the extended ®:

—jesesn T UG if 2 s in Q1
P(z) =

w1 (— e
jezcs J(=2) if 2 is in 02

or, equivalently speaking

T Tien 1(J(—z e
i ez (J(=2)) if z is in Q!

d(z) =

—iesksn ' UE) if 2 s in Q2
Now that @ is a biholomorphism from €2,.ND onto A, which fizes the unit circle, it
can be extended analytically to the remaining part of the Bell representative domain

(). beyond the unit circle T by the relation

by yet another application of the Schwarz reflection principle. The final extended
mapping ¢ is now a biholomorphism from €2, onto A, /,.

Observe that:

weM s 1e

weNVe et

g~

|—

wePelcec!

g

weNelcen?

S

These relations help us explicitly write out the formula for the biholomorphism ®

throughout €2, as:
( .
—jesresn ' (J(2) if 2z is in Q!

L omi (70 e .
ieaxsn (J(=2)) if 2z is in 0?2

w1 e
—je s (J(=2) if 2 igin Q3

. T —1 . ..
iezrsn (J(2) if 2 is in Q*

or,



(

i ez 1(J(=2))

i egren1(J(2)

e~ Fsn 1 (J(=2)

if 2z is in Q!
if z is in ?
if z is in Q3

if z is in Q*

13

Although it may seem peculiar, there is a good reason we want to write the formula

for @ as in the latter form above. The reason is that we will use both of these formulas

throughout our computations, and in particular, in the computation of the Bergman

kernel of the Bell representative domain.

From the formula representation of ®, we can deduce relations that help us know

how to take the conjugate of the composition of the elliptic integral with the Joukowski

map sn~! o J. Let us go over this briefly.

Corollary 1

sn—1(J(z)) = —sn Y(=J(2)) if z € QLU Q*

as well as

snl(=J(z2)) = —sn7'(J(2) f 2 € QT UQ

Proof Suppose without loss of generality that z € Q!. From the definition of the

biholomorphism, we have

o
exp (ﬁsn

from which we get

HJ(=2))) = exp(

= sn'J(z) = —sn~(J(—2)) (mod 4nK) for some n € Z.

2K

1= e%[sn_IJ(Z)er]

= sn~1(J(2)) = —sn~}(=J(2)) if z € Q.

The other relations are proved likewise.

T
—sn'J
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We finish the chapter by a consequence of the biholomorphism ¢ : €, WE Ayi/p

constructed above.

Theorem 2.2.1 The Bell representative domain QQ/\/E is bitholomorphic to A, 1 with

K/

p=e"ix . Here K and K’ are given by

K =

| o=a
o V(1—&)(1 -k

K =

[ a=ar
o V(1—&)(1—k2¢)

with k> + k% = 1.
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3. The Ahlfors map of (),

Tegtmeyer [18] worked on the annulus A, ; and calculated the Ahlfors maps on this
annulus at an arbitrary point. Since we have a conformal map V(z) = p®(z) from
€2, onto the annulus A, we can get all the Ahlfors maps of the Bell representative
domain simply by composing these two maps and then multiplying by an appropriate
constant of unit modulus.

Let us recall some of the results of Tegtmeyer.
Lemma 2 If f, is the Ahlfors map on the annulus A, 1 with base point p, then

. 2K z
fo(2) = —iVksn (T log(;))

Using this result, we are actually able to write the Ahlfors map of an arbitrary

point in the annulus A2 ;. Here is another result due to Tegtmeyer:

Lemma 3 Suppose w = re? is an arbitrary point in the annulus Aypq. Then fy,
the Ahlfors map on this annulus with base point w, is given by

iy fp(e_”z) — fo(r)

Fole) = ) £,

Once we notice f,(r) is a real number between -1 and 1, we can see that this is a
Mobius transformation of f,(e7z).
3.1 The general form of the Ahlfors maps of ().

Composing f,, with ¥ will produce us proper holomorphic mappings from €2, onto

the unit disk D, and that is precisely how we get a grip of the Ahlfors maps of €2,.
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e

Unit disk

Q [
r

Figure 3.1. Ahlfors map of €2, can be found by composition.

Theorem 3.1.1 The Ahlfors map of ), with base point zy is given by

9z0(2) = A fu (p®(2))
where w € Ay is such that w = p ®(z) and A = X(29) is a constant of unit modulus.

Proof Let zy € Q, be given. Since f, and ¥(.) = p®(.) are holomorphic on their
domains and f,, is two-to-one, g,(.) is a two-to-one holomorphic function from 2,
onto D. g,,(.) is continuous on €2, since so is f,, upto and on the boundary of the
annulus. Furthermore, each boundary component of €2, is mapped 1-1 and onto the
unit circle T.

Note that g.,(z0) = A fu (pP(20)) = A fu(w) = 0.

_ 19 ()]

7 (20) and then we will get a positive derivative for g, at the

Let us choose A

point zy:

9(20) = Ao, (0 ®(20)) p ®'(20) = fip(w) p|®(20)] > O

Therefore, g.,(.) is a proper holomorphic map from the representative domain onto
the unit disk ID that maps zy — 0 and has positive derivative at z;. Consequently,

gz (.) is the Ahlfors map on €2, with base point 2.

We will find explicit formulas for the Ahlfors map of €, based at zy later.
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The mapping g;(z) = £(z+ 1) is an Ahlfors mapping of 2, with base point z = i.
Although it is clear from the definition of €2, that g;(z) is a two-branched covering
onto the unit disk with g;(i) = 0 and g¢}(i) = 2 > 0 and hence is the Ahlfors map of
Q. at z = 1, let us reach this result of calculating it in an alternative way based on

our recent observations.

Proposition 3.1.1 The Ahlfors map of Q. with base point i is given by f,;(p ®(2)),
which is $(z + 1).

Proof It is easy to see that p ®(i) = ip. By the proposition above,

foilp@(2)) =i fo(—ip®P(2)) =i(—t \/E) sn (QTKZ log(—i ®(2)))
Now, let us simplify log(—i ®(z)):
siesn ' (J(2)) + mi if > is in Q!
st (—J(2)) if 2 is in 2

log(—i ®(z)) =
—ﬁsn “H=J(2))+mi if zisin Q3

—ZLsn(J(2)) if z is in Q*

\

so that

—sn1(J(2)) —2K  if zisin Q!
, —sn~ 1 (—=J(2)) if 2 is in Q2
2 log(—i ®(2)) =
sn~1(—J(2)) +2K if zis in Q3

\ sn_l(J(z)) if z is in Q*
so that sn(22 log(—i ®(2))) = J(z) = 1(2 4+ 1) for any z € Q,.
It is easy to check that A = | )l 1 in this case so that
Vi, 1. 1 1
9i(z) = 7(2 + ;) = ;(Z + ;)-

Here are a few simple calculations, since we will deal with the square root function

1 — J2(z), where by v/ » We mean the principal branch of the square root function:
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VR el et
Notice that /1 — J2(—i) = v/1—0 = 1 just like %(#) = 1. So, already

having specified v/1 = 1, we can actually define /1 — J2(z) := %Z27’1 for = € LHP.
Meanwhile, let us also consider /1 — k2 J2(z): Due to the definition of €2,, the

function —k? J%(z) maps ©Q, onto Dy (0), the disk of radius k& < 1 centered at the
origin in a 4-to-1 fashion. Therefore, 1 — k% J?(z) maps Q, onto Di(1), the disk of
radius k£ < 1 centered on the real axis at z = 1. Since this is on the right-half plane,
we can define a single-valued analytic branch of \/TW(Z) by using the principal
branch of the square root function.

Let us now calculate the Ahlfors mapping on €2, at the point z = 1. Since ¢(1) =1

and since ®'(1) > 0 (so that A(1) = % = 1), this Ahlfors mapping is given by

g1(2) = fo(p@(2)) = —i ksn(%mlog D(2)).

Fhon () - 2]

If 2 € Q' = gi1(2) = —ivVEksn(2] -

g1(z) = —iVEksn(K —sn 'J(2))
L (snK) en(sn~'J(z)) dn(sn™tJ(2))
vk 1 — k2sn2(sn—1J(z2))

en(sn~1J(z))
vk dn(sn—tJ(z ))

_ 72
—Z\/E \/1 J Z

1 — k2J%(2)
/9 22-1
= —z\/EM since z is in the LHP
1 —k2J%(2)
VE_ z-t
9g1(2) = — ——— (3.1)

2 \/1—-k2J2(2)
Proposition 3.1.2 The Ahlfors mapping on €, with base point z = 1 is given by

z

1 )
92 =3 e
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3.2 The location of the zeroes for the Ahlfors maps of (2,

We know that g.,(z), the Ahlfors mapping with base point zy € €, is given by

@%—zgg‘ Ju(p®(2)) where f, is the Ahlfors mapping on the annulus A, ; with base

point w € A,y and w = pP(z). Our aim is to locate the second nontrivial zero of

the Ahlfors mapping g.,(z), which trivially has a zero at z = 2.

Theorem 3.2.1 g.,(—=) =0

0

Proof Let 2 be the Bell representative domain and let A denote the annulus A ;

for simplicity of notation. We already have the explicit biholomorphism ¥ from ¢

Sa(2,20)
La(z,20)

onto A. Since g,,(2) = where S and L denote the Szegé and Garabedian

kernel functions respectively, the claim is that the Szegd kernel function Sq(., z9) has
its unique zero at z = —%.

By the transformation formula for the Szeg6 kernels, we have

Sa(z,w) = /W(z) Sa(V(z), U(w)) /¥ (w)

where we know by [18] that

+oo

1 zw)"
$iew) =0 3 1 e
So we have
So(-—w) = VEL/m) Sa(W(~ =), W(w)) /¥ w)
- Lty el A
m oo P
- VTR (Y S Ve
- T (x - 1(11(?23(2”)]”)%
- S VIET (Y () VI

n=—oo
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The sum in the middle reminds us of the way the second (nontrivial) zero of the
Szeg6 kernel on the annulus A ; is found as in [18]. We can rearrange the sum in

any order we would like, due to the absolute convergence of the series.

+00 (_p)Zn -1 ( n 2n o ( n 2n
HZZ_OO 1+ pin+2 - nzz_oo 1+ p4n+2 + ; 1+ p4n+2

I I VA Y
— 1+ p4i+2 ard 1+ pint2

(_1)j+1p72j72 p4j+2 x (_1>np2n
L+ p4i2 itz — 1+ pint2

(_1)j+1 p2j e (_1)np2n
45+2 An+2
pTE+ 1 —l4p

[M]#

0

J

I
o lMg

(3.3)
Consequently, the Ahlfors mapping ¢.,(z) on Q has a zero at —1 / Z.

Another Proof. We know that g, (z) = )\fw(p ®(z)) where w = p®P(2). Since

pO(—=)=—p@(%) = —pﬁ = =/p = -2 and since by [18] we know fw(—%z) =0,
1

we get the desired result that g.,(—=) = 0.

3.3 The branch points for the Ahlfors maps of (2,

The branch points for the Ahlfors maps for the Bell representative domain are in

close connection with those for the Ahlfors maps for the annulus, since

92(2) = A [, (p®(2)) p ¥'(2)
where w = re? = p®(2y) with p?> < r < 1. We know from [18] that f (+ipe®) = 0.
So, if z € Q, is such that ®(z) = +ie” € T, then ¢/ (z) = 0. Clearly, the converse of
this statement is also true. Due to the construction of ®, we immediately see that the
branch points lie on T. Furthermore, if z and Z are the branch points of any ¢,,(z),

then —z = 2.
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Proposition 3.3.1 Let zg € ). be arbitrary. The two branch points zy,ze of the

Ahlfors map g,,(z) of Q. lie on the unit circle. Furthermore, z; = —z;.

3.4 The Ahlfors map of (), at z; in explicit form

Here in this section we will determine explicit formulas for the Ahlfors map of €2,

at zg.
Lemma 4 Let 2y € 2, be arbitrary. The Ahlfors maps g,, and g-1 satisfy
z0

9x0(2) = Bg21(2)
for some |B] =1 for any z € Q,.

Proof We now already know that g,,(z) and g-1(z) have the same zeroes. z; and
z0

—1/Zy being the zeroes for g,,(z) and —1/Z5 and —1/(—1/Zy) = zo being the zeroes

for g-1(z). Consider the function G(z) = ggz()l—((zz)). G is analytic inside ., and |G| =1
20 _—

on 02, the boundary of Q2,. By rnaximulrrzlO modulus theorem, |G| < 1 in €2,. But,
upon redefining G(z) at zy and —1/z, if necessary, G is zero-free in (2, therefore,
by maximum modulus theorem applied this time on 1/G, we see that [1/G| < 1 in
.. This implies that |G| = 1 in 2, and consequently, G is equal to a unimodular

constant 3 in (2,. ]

Proposition 3.4.1 The unimodular constant 3 defined in the lemma above is equal

to
[9'(20)]  P'(=1/%0)
[@'(—1/z0)] @'(20)

Proof The constant 3 can be computed easily using the fact that

5le) = 0= BEEE s L o)

as well as f,,(.) = f ,2(.) [18]. Consequently, 8 = @l/(?/—(lz?%)l (I)/é’_(lz(/jo)'

w

fu(p®@(2), g

W
Ol
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We know from geometric considerations that zg € Q' <= —1/%; € Q1 and
likewise zg € 0? <= —1/7% € Q3. We will write down the formula for the Ahlfors
map at 29 € §); for j = 1,2 and by the lemma above, it will cover the cases for 2 € €;
for 7 = 3,4.

Suppose that w = re”” = p®(z,). We know that we are able to write the Ahlfors
map ¢.,(z) as a unimodular multiple of (f, o ¥)(2).

By Lemma 3.2, '
iy fole™2) — f,(r)
1= fp(e=72) fo(r)

fw(z) =e

which means
iy fole™p®(2)) = fp(r)

1— f,(e77p®(2)) fo(r)
On the other hand, by Lemma 3.1, we have

fw<pq)(2)) =e

» 2K1 i .
fp(e_wp‘l)(z)) = —9 k:sn(Tzlog(eﬁ(sn 1(J(Z))—K)—W))

= k;sn(QK—7 + K —sn'(J(2))) (3.4)

™

T sn~(J(2))), where 7/ = v + 7/2
s
. @[sw?)g*;hﬂ — k272(z) — J(2)en(ZEL ) dn(2EY)

1 — k2 snz(g)ﬂ(z)

2
= —iVksn(

]
(3.5)

Likewise

fo(r) = —i ksn(%log(g)).
This means that once we have the expressions for 7v,~’ and :3 in terms of zy, we will
have the Ahlfors map at 2y in terms of zy explicitly. Let us find the expressions for
these variables in terms of z, for the the cases when 2y € Q! and 2z, € Q?. By one
of the earlier remarks, this means we will be able to write down an arbitrary Ahlfors

map on §2,.
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Case 1. Suppose zy € !, Then

wd =1 = pP(z0) p (20)

_ p2 e%[snflJ(zo)—&-sn*lJ(—%)],
— p2 e%[sn_lJ(zo)fsnflJ(zo)},
(3.6)
which means
T/p _ e%[sn’1J(zo)—i-sn*1J(—%)]7
or, equivalently r/p = efx[2iIm(sn™"J(z0)] = =g [Im(sn™"J(20)) ]
Likewise, since €7 = £ ®(z)
P
iy = loa(C o ()
v = —ilog(edrlsm )T (E)] ()
N = — 1Og(e%[sn_lJ(zo)—i—sn*lJ(zo)] (_2))
T _
vo= —zﬁ[Re(sn 'J(20)) — K]
™ _
vo= ﬁ[Re(sn 'J(2)) — K]
™ _
S ﬁ[Re(sn LT (20))]
(3.7)
Therefore
e —  eawlResn™!J(z0)-K] (3.8)
2K ™ -1
folr) = —iVksn(——log(e ke
. 2K ™ _
for) = —i kSH(T(—ﬁIm(SH ' J(20))))
f(r) = +iVEsn (iIm(sn~'J(z))) (3.9)
‘ e sn(R(20)) 35521 = B2 (2) — J(2)en(R(z) )dn(R())
b - _ivk 2 2
foleTp2(2)) o 1 — kZsn2(R(z)) J2(2) |
(3.10)

where R(z9) = Re(sn™'J(z))
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Proposition 3.4.2 Suppose zy € Q'. The Ahlfors map g.,(z) with base point zy is

given by
9z (2) = |$:Ei§§| e 37 (R(20)—K) AZO( );)B;;)O((Z)>
where
Ale) = —ivREECNETIVTZ R — Jen(Rle) dnlRize)

e
B, (z) = +i\/%sn(i](zo))

(3.11)
with R(z0) = Re(sn™'J(20)), and I(z) = Im(sn~'J(2))
Now let us determine the Ahlfors maps in the second case.
Case 2. Suppose zy € 2. Then
ww =1 = p®(z)pP(20)
,',,2 _ p2 6%[snflJ(—zo)—i—snflJ(%)]
= r/p = e %[SH_IJ(_ZO)‘FSH_lJ(%” (312)
=r/p = e axlmsn (=) (3.13)

Likewise, since e = 2 ®(z)
T

i = log(5 ()

vy o= —1 log(e %[Sn_l‘](fzo)fsn_ltl(%)] (Z))
yo= —q log(e%[sn’lJ(—ZU)—ksn—lJ(—zo)} (Z))
i
yo= _Zﬁ [Re(sn™'J(—2)) + K]
T

Y = 5% [Re(sn™'J(—2)) + K]

2K

L Y G- Re(sn™'J(—2)) + 2K
7T

(3.14)
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Therefore
ei'y eﬁ[ResnflJ(—zo)-"—K] (315)
2K ™ —1
fo(r) = —iVEksn(T=" log(e sk tmen™ 2]
s
. 2K1 T B
folr) —i kSH(T(—%Im(SD " (=20))))
fo(r) +ivVksn (i Im(sn ™t (—2))) (3.16)
sn(R_(zo))% ’

Fole™p®(2))

iV V- R2(2) —j(z)cn(

1 —k2sn?(R_(20))J?(z

=
N
(=)
N
~—
oL
=
—~
=
|
(=)
N
~—

(3.17)

where R_(z9) = Re(sn™'J(—zp)). This way we are able to write the Ahlfors map

on , at any point z, € Q2.

Proposition 3.4.3 Suppose zy € Q2. The Ahlfors map g.,(z) with base point zy is

given by
2) = |CI)/(ZO)| eQ’rIZ((R_(zo)+K) Czo(z) _Dzo(z)
9:(2) = G, 1= C.y(2)Day(2)
where
) = WAV TZ PR - S R el

D.(z) = +iVksn(il_(z))

with R_(29) = Re(sn™'J(—2)), and I_(zy) = Im(sn'J(—z))

3.5 The Bell representative domain versus the annulus

We know a priori that the Bell representative domain has algebraic Bergman and

Szego kernel functions [4], while the annulus has non-algebraic ones [18]. Therefore,

the Bell representative domain and the annulus diverge in nature in this regard. While

that is certainly true, here are some of the things that the Bell representative domain

). and the annulus A,,/, have in common: Given 2, in this annulus or €,, they

both have Ahlfors maps that have zeros at the very same location. Also, the two



26

branch points of the Ahlfors map for either domain lie on the unit circle T. Given the
divergent (algebraic versus non-algebraic) natures of their classical domain functions,
one may argue that the similarity between their Ahlfors maps suggests that 2, can

be considered as the algebraic analogue of the annulus.

Theorem 3.5.1 Suppose €2, and Ap,% are biholomorphic, a € Ap’% N Q,. and consider
the two Ahlfors maps with base point a of ), and Ap%, respectively.

1. The zeros of each Ahlfors map are the same, given by {a,—1/a}. In particular,
the only zero of the Szegi kernel S(z,a) of either domain is at z = —1/a .

2. The branch points (i.e. the zeros of the derivative) of the Ahlfors map of either

domain lie on the unit circle T.
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4. The Bergman kernel of (2,

We constructed a biholomorphism @ : €2, IVE A, 1. Let us define the map ¥ :
p
Q5 — Apzy with U(z) = p®(2) so that ¥ is also trivially a biholomorphism.

4.1 The Bergman kernel K, and the Weierstrass function

We remember that r = 2/ Vk. By the transformation formula for the Bergman

kernels, we have

Ko, (z,w) = W'(2) Ka,, (Y(z), ¥(w)) ¥'(w) (4.1)

There is a well-known identity [6,15] that represents the Bergman kernel of an annulus

in terms of the Weierstrass gp-function:

1 1
KAPQJ(z,w) = — {p(log 2W; Wy, ws) + o —} (4.2)

TZW w3 2w
where p is the Weierstrass p function determined by the full periods 2w; = —4logp
and 2ws = 2mi here. Also n = ((im; —2logp,im), the increment of the Weierstrass
(-function for the imaginary period. Since 2w; and 2w3 are the full periods of the g

function,

o(u;wr,w3) = p(u + 2wy wr,ws) = p(u + 2ws; wy, ws).

Furthermore, it is convenient to introduce the increments e; and ez for the periods
of the p-functions. Denote p(wi;wi,w3) = e; and p(ws;wi,ws) = es. It is also
customary and convenient to denote wy = —(wy + w3) and p(ws) = e2. Regardless of
the real and imaginary periods of the Weierstrass function, it is an interesting fact

that e; + e + e3 = 0 just as wy + wy + w3z = 0.
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We would like to simplify the right-hand side of equation (4.2) which could be written

as,

K, (U(2), U(w)) = W { pllog(W(2)¥(w)); —210g p, 7i) + C'}

where C' = C(k) is a real constant (since £ is a real number [12]). We need to

simplify p(log(V(z)¥(w))). We claim that this is an algebraic function in z and w.
Suppose we pick z € Q! and w € Q2. Notice that

10g(‘1’<2)11(w)) = lOg { (—p2> e% [Sn_lj(Z)Jrsn—lJ(@)]}
= log { o7 [0~ J(2) bsn 1 (w)— 4K log/H-ZK]}
i

4K
=5 [sn'J(2) +sntJ(w) — —zlogp+2K} + 2Nmi
m

At this point, we recall the homogeneity property of the p-function. It is a standard

result in elliptic functions that the Weierstrass p-function enjoys [8,12]

0 (Az; i, Adws ) = A 20 (2w, w3 ). (4.3)

With the choice of A = Qi—;r(, we obtain

- : AKi
o(log(¥(2)T(w))) = p(%[snflj(z) 0 (@) — ——log p + 2K] + 2Ni; —2log p, i)
T
4 s
= plglsnJ(z) +su7lJ(@) - — log p + 2K]; ~2log p, i)
n
4K?2 4K7 4K
= ——p(n ' J(z) +sn (W) - =t log p + 2K; 2K, = log p)
T T T
4 2
= —— (0 J(2) +sn ' J (W) + 2K + iK' 2K, iK')
T

(4.4)

where the last step comes from the fact that —4Kilog p/m = iK', since we chose p

as p = e "K/AK
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The Weierstrass p-function and the Jacobi elliptic function are related through
certain formulas, depending on how the half-periods w; and wsz of the g-function
connect with the so-called ” quarter periods” K and K’ of the Jacobi elliptic functions.
A number of important formulas and relations that connect the two functions are
obtained in the special case when w; = K and ws = iK’. The relation in this case is
given by

1 1

) 5(1 + k). (4.5)

Furthermore, in this case, e; = p(K; K,iK') = %(2—]{:2), ey = p(—K—iK'; K,iK') =
$(2k* — 1) and e3 = p(iK'; K,iK') = —3(1 + k?) (see [8,12]).

o(u; K,iK') =

In what we had earlier, our real half-period is not K but 2K. Since it will make our
computations much easier and we would like to use equation 4.5, we use what is called
a modular transformation on the real period of p(u;2K,iK"). The following [12] is a

good application of elementary complex analysis on the p-function.

Lemma 5 The g function has the modular transformation property that

4p(u; 2wy, w3) = p(%u, wi,ws) + p(iu + w3 wi,ws) — e3.
Proof We consider the elliptic function f(u) = p(3u;wi,ws) + p(Fu + ws;wy, ws).
Because of the 1/2 factor, f is periodic with full-periods 4w; and 2ws and has a double
pole at the origin (and at every point in the complex plane of the form 4mw; + 2nws).
The singular part of f(u) around the origin is (u/2)™2 = 4/u®. Since the same is true
for the elliptic function 4p(u; 2wy, ws), by Liouville’s theorem, 4p(u; 2wy, ws3) — f(u) =
constant in C, since it is holomorphic and bounded in any fundamental rectangle and
hence in C. One can put u = w3 or let u — 0 to conclude that the constant above is

indeed e3 = p(ws; w1, ws). [ ]
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4.2 Computing Kq,

For simplicity of notation, introduce H(.) = (sn™! o J)(.). We would like to
simplify 4p(sn~'J(2) +sn~'J(w) + 2K + iK' ;2K,iK') ignoring the constant —I;—; in

front of the Weierstrass function for now. By the lemma above, we have

4o(H(z)+ Hw)+ 2K +iK'; 2K,iK') = p(%(H(z) + H(w)) + K + ”2(/; K,iK")
+ p(%(H(z) +H(w))+ K + 325(,; K,iK')
— p(iK'; K,iK")
(4.6)
Let us simplify the right-hand side:
_ 1
""" sn?(3(H(z) + Hw)) + K + &)
+ 1 — 1(1 + k%)
sn?(3(H(z) + Hw)) + K +3&) 3
_ 14dn(H(z)+ Hw) + 2K +iK')
 1—cn(H(2) + Hw) + 2K +iK')
1 +dn(H(2) + HW) + 2K + 3iK") 1(1 k)
l—cn(H(z)+ Hw)+ 2K+ 3iK') 3
~ 1+4dn(H(z) + Hw) + 2K +1K')
 1—cn(H(2) + Hw) + 2K +iK')
1 —dn(H(z)+ H(w) + 2K +iK’) 1(1+k2)
1+ en(H(z)+ H(w) + 2K +iK') 3
(4.7)

by the half-angle formula for the elliptic sine sn and since
dn(u+ 2iK") = —dn(u), en(u+ 2iK") = —cn(u).

The previous equality then becomes
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24 2dn(H(2) + H(@) + 2K + iK' en(H(z) + H®@) + 2K +iK) 1.,
- sn?(H(z) + H(@) + 2K +iK") BEARE

_ 24 2AciesH) + H@)) (- ds(HG) + H@) 1
3

1/ k2 sn?(H(z) + H(w))
B 2en(H(z) + H(@)) dn(H(z) + HW)\ 15 o 1 p
= {2 ksn(H(z)+H(w))sn(H(z)+H(w))}k (H(z) + H(w)) 3<1+’”
= k{2ksn’(H(z)+ H(W)) + 2cn(H(z) + H(W)) dn(H(z) }— ~(1+&%)

(4.8)

Let us now call S(z, w) = sn?(H(z)+H(wW)), as well as C(z,w) = en(H(z)+H(W))
and D(z,w) = dn(H(z) + H(w)) and simplify these using the addition formulas for

the Jacobi elliptic functions:

5a.0) _{ ()1 = P2@)\/T = R22(@) + J(@) /1= (=) \/1—1{:2J2(z)}2

1 — k:2J2( ) 2(w)

= \/W—FJ@)( 2Z1) 1= k22(2) 2
) = K P()2)
— \/W—i—(]w(zl 1— k2J2(z) 2
o U )
(4.9)
Likewise,
C V1= (2) /1= () — J(2)J(0)\/1 -k J*(2)/1 — k2 J*(0)
(Z,w> - 1 — k2 JZ( )JQ( )
_ (%Zzz_l)(%w; ) — J(z \/1—/{:2J2 \/1—k2J2(w)
L= kQ JZ( )J?(w)
_i(zzgl)(wz ) — J(2)J(@0)\/1 = K2T2(2)/1 - 2T (W)

1 - k2 J*(2)J*(w)
(4.10)
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and, finally

. _ VI=RPEVI-FP@) - K

)
2)J
V1= K2T2(2)\/1— K2J2(w) k?J( )J (@) (5520 (3222)
w)
)

V1- kP (2) /1 - k22 (W )+ (=) (@) () ()

= 1 — k2J2(2 )J2( ) .
So we get that
ollog(W( (@) = —7 {2025 +KCD - L1+ 47
with S, C, D as above. On the other hand, we know that for z € Q' w € Q2
U(z) = —piedr U0
) — e (L )
=U(z) = ¥( )(QK)\/l_JQ(z)\/l_k,sz(z)
. _ m ;(22,351)
= V(z) = \P()(QK) (22 1) 1— k2J2(2)
U(z) T
~ U(z) 2K z\/1—K2J%(z2) e
and
U(w) = piesem )
BECR J'(—w)(-1)
= V' (w) = Y(w )(2K>\/1—J2 w)/1 — K272 (—w)
, B e %(ww;1>(_1)
= V(w) = Y(w )(QK) Z(wiul) 1 — K212 (w)
_ V) _ m
U(w) 2K w /1 —Kk2J?(w)
\I”(w) B ™
~ (\Il(w)) 2K @ \/1— k22 (0) o

due to the fact that /1 — k2J%(2) and /1 — k2J2(Z) agree on the real axis in €.

Consequently, the Bergman kernel function Kq _(z,w) for €2, becomes



Ko, (z,w) = W'(Z)W {p(log(‘P(Z)W);—Qlogm i) +C(/€)} v (w)

7r {(szS(z, w) + kC(z,w)D(z,w) — (1 + k2))(—£2) + C(k:)}

Ko, (z,w) = AK2 20 \/1— K22(2) /1 — K22 (0)

(4.14)

which is an algebraic and holomorphic function in z and w and satisfies the Hermitian
property. The same formula is obtained for each choice of z in any one of 2, Q3 or O*
and likewise for w in any one of Q% Q3 or O* in similar way such as above, however
that is not necessary. The formula for the Bergman kernel function is true throughout

all of Q,. simply by analytic continuation.

4.3 Remarks on the Bergman kernel

Computing the Bergman kernel for a domain in the plane is very hard, if not
impossible, except for simply connected domains. Thus, discovering the explicit for-
mula for the Bergman kernel of €2, is remarkable. Aside from that, the discovery has
a wider significance and general implications.

From a theoretical point of view, by the transformation formula in the beginning of
the chapter, the Bergman kernel of any 2-connected planar domain can be computed
as long as a biholomorphic map from that domain onto €2, for some r > 2 is found.
This means that for doubly-connected domains in the plane, the Bell representative
domain takes on the role of the unit disk in the simply connected case. In other
words, it is a candidate for playing the role of the unit disk in the doubly-connected
case.

Furthermore, we notice that the degree of the algebraic function Kq (z,w) above
is independent of the parameter k, and hence independent of r = 2/ V'k. Therefore,
from a practical point of view, the degree of the algebraic Bergman kernel function

of our representative domain is seen to be independent of the parameter 7.
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We conclude by tying this to an earlier well-known fact: Every two-connected
domain is biholomorphic to a two-connected Bell representative domain with an al-
gebraic Bergman kernel function whose degree is independent of the modulus of that

domain.
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5. Future research

Here is a glimpse of problems that are yet to be explored and thoroughly worked on.

Green’s function for Q.. The Green’s function G(z,w) and the Bergman kernel func-

tion K (z,w) are related through the equation [2]

_z@zG(z,w)

K(zw) = - =5 50

Now that the Bergman kernel for our representative domain is found, we would like
to use it to compute the Green’s function. This may also have consequences in other

fields, such as solving PDEs as well as in complex analysis.

Proper holomorphic mappings f : Q). — ID. We would like to determine the precise

form of the proper holomorphic mappings from €2, into the unit disk ID. Tegtmeyer
[18] determined the proper holomorphic mappings from the annulus A, ; into D in
terms of the Ahlfors maps of the annulus. This will help us figure out perhaps other

similarities and differences between €2, and A, 1/,.

Carathéodory metric for .. Can we compute the Carathéodory metric for the Bell

representative domain? How about the infinitesimal Carathéodory distance? Ahlfors
map is the extremal function for the Carathéodory metric [5]. The doubly connected
planar domains on which this metric is computable are rare [11,14,16]. The Bell
representative domain is a candidate of a domain for which this can be done. We
plan to compute the infinitesimal Carathéodory metric via a special pair of Ahlfors
maps as explained in [4]. In Chapter Three, we found a pair of Ahlfors maps that do
not share zeros. This should help us calculate the infinitesimal Carathéodory metric

for €,.

Degree in the annulus. For any n-connected domain 2 in the plane, according to the

results in [3],
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Ka(z,w) = fo(2) fa(w) R(fa(2), fu(2), fa(w), fo(w))

where R is a rational function of the four complex variables and where f, and f, are
any pair of Ahlfors maps with f,(b) # 0 as explained in [3].

We would like to find out what the relationship between the degree of the rational
function and the modulus of the domain is, and in particular how this comes into
play for the annulus. In other words, we would like to find how the degree of the

rational function R above depends on the modulus of the annulus.

Szeqgo kernel of €),.. Szegd kernel of the Bell representative domain a prior: is shown

to be algebraic [4], although no closed formula for it was given there. The Szego kernel
of the annulus is a non-algebraic function, however since we have a biholomorphism
between the Bell representative domain and an annulus, we can use our approach in
Chapter Four to explicitly calculate it via the transformation formula between the

kernels of these domains.
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